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1 Introduction 



Spectral and scattering properties of Dirichlet Laplacians in curved tubes have attracted a 
wave of physical interest attention recently, because they provide models of some quantum 
systems which new experimental techniques made possible to construct, such as semiconduc- 
tor quantum wires — see, e.g. , f|ABGM| , |B|, |CLMM| , |DE| , ^ |SKWl , |V0K1|| and references 
therein — or hollow-fiber atomic waveguides |[SMZ|| , and because they exhibit some unex- 
pected mathematical properties leading to new physical effects. 

The key observation is that a nonzero curvature gives rise to an effective interaction which 
produces localized solutions of the corresponding Helmholtz (or stationary Schrodinger) 
equation — cf. [^, |GJ|| and the review paper |PE|| — with eigenvalues below the bot- 
tom of the continuous spectrum. The same mechanism is responsible for a nontrivial struc- 
ture of the scattering matrix manifested by resonances in the vicinity of all the higher 
thresholds. These resonances modify substantially transport properties of such a "quan- 
tum waveguide"; they have been observed in numerically solved examples, for instance, in 
M [VKDj [VOKTI , ^%K2| , [WSj . 



On the mathematical side, it was shown in |pES| ] that if a curved planar strip has a 
constant width d which is small enough, and if the strip-axis curvature satisfies certain 
regularity and analyticity assumptions, there is a finite number of resonances in the vicinity 
of the higher thresholds (which coincides with the number of isolated eigenvalues below the 
bottom of the continuous spectrum). Moreover, an expansion of the resonance-pole positions 
in terms of d was derived and the imaginary part of the first non-real term given by the 
"Fermi golden rule" was shown to be exponentially small as d —* 0+ . 

The present paper addresses the question whether also the total resonance widths are 
exponentially small as d ^ 0+ . We give an affirmative answer under essentially the same 
assumptions as used in |DES| and obtain the same expression for the exponential factor 
in the bound. Furthermore the exponential factor we obtain coincides with the heuristic 
semi-classical prediction, cf. \fA\ , |DES|| . 



As explained in | DES | and in section 2.3 below, the mechanism behind the formation of 
these resonances is a tunneling effect, however, in the "momentum direction". To estimate 
this effect we therefore need exponential bounds on eigensolutions in the Fourier representa- 
tion. This is a novelty and a difficulty, since the Schrodinger operator becomes nonlocal in 
this representation. To deal with such nonlocal operators we have developed an appropriate 
functional calculus based on the Dunford-Taylor integral. This made possible, in particular, 
to extend to such a situation the complex deformations of operators and the Agmon method 
X§\ . These new techniques has already been announced in |PM1|| . Here they are presented 



in detail for the case of bounded nonlocal operators; an extension to some unbounded cases 
will be given in |pM2|| . 

Rigorous analysis of tunneling in phase space is a rather new field of interest. Some recent 
works on this topic based on micro-local analysis and pseudo-differential techniques can be 
found in [[HeSJl , |Ma| , |^. In particular L.Nedelec pe| has recently obtained our Theorem 2.2 
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with such methods. 



2 The results 



2.1 Preliminaries 

Let us recall briefly the problem; for more details we refer to IpE^f . The object of our 
interest is the Dirichlet Laplacian — for a curved strip Q C IR^ of a fixed width d . We 
exclude the trivial case and make a global restriction: 

(aO) Q is not straight and does not intersect itself. 

If the boundary of Q is sufficiently smooth — which will be the case with the assump- 
tions mentioned below — one can check using natural curvilinear coordinates that — is 
unitarily equivalent to the Schrodinger type operator 

H := -dsbds-dl + V (2.1) 

on the Hilbert state space on the "straightened" strip, H := L'^{IRx (0, d), dsdu) , with the 
Dirichlet condition at the boundary, u = 0,d , where b, V are operators of multiplication 
by the functions 

b := (1+M7)"', (2.2) 

V := -^-b^^+h'/^uY-lbVr, (2.3) 

respectively, and the function 7 : M —>■ M in these relations characterizes the strip boundary 
u = through its signed curvature 7(5) at the point tagged by the longitudinal coordinate 
s — cf. |ES], pEj . 



Let us list now the used hypotheses. In addition to the assumption (aO), we shall suppose 
that 

(al) 7 extends to an analytic function in Sq^^^q := {z E (V : |arg(±z)| < ao or 
llm^l < r/o } with ao < f and < r/o ; for the sake of simplicity we denote it by the 
same symbol. 

(a2) For all a < ao and all rj < t]q there are positive constants Ca,n and e such that 
|7(z)| < Cq,,^(1 + |2;|)"^"'^ holds in Eq,^^ . 

By an easy application of the Cauchy formula, the assumptions (al) and (a2) imply that the 
derivatives of 7 satisfy 



in Tja^n for any a < ao and any r] < r]o . This yields for the potential ( |2.3D the bound 

\Viz,u)\ < + (2.4) 

with some ^ > for all d small enough. 

We are interested in resonances of H which are understood in the standard way |[AC| , 
|R5| , [Hu|| : suppose that the function z F^{z) := {{H — z)~^4',4') admits a meromorphic 
continuation from the open upper complex half-plane to a domain in the lower half-plane 
for ijj from a dense subset A cTi. . If has a pole for some G ^ , we call the former a 
resonance. 

Resonances are often obtained as perturbations of an operator with eigenvalues embedded 
in the continuous spectrum. This is also the case in our present situation; the corresponding 
comparison operator is 

H':=A-dl, A:=-d',+V\ (2.5) 

with \/0(s) := 1/(5,0) =-\-f{sf and domain V{H^) := n^{R) ® {Hi nn'^){{0,d)), where 
and Hq are the usual Sobolev spaces. The perturbation is defined by 

W := H -H^ . (2.6) 

The spectrum of the operator is of the form 

a{H') = [\ + E : A G a(A), E G a{-dl) ] , 

where 

<A) = { A„ U [0, oo) , ai~dl) = { E, }Z, 

with Ej := (^^^ . Since J][^V^{s)ds < due to (aO), the discrete spectrum of A is 
nonempty. The eigenvalues A„ are negative, simple, and their number N is finite in view 
of the bound ( ^.41) — of. ||KS| , Sec. XIII. 3]. Then the eigenvalues 

above Fi are embedded in the continuous spectrum of ; for small enough d this occurs 
for all j >2 and n = 1, . . . , N . 

An alternative way to express the operator and functions of it, is through the 
transverse-mode decomposition. Denote by 

X,(tx) := i/f sinf^) , J = 1,2,..., (2.7) 



d \ d 

the eigenf unctions of —d'^ corresponding to the eigenvalues Ej . Let J'j be the embedding 
L'^{lR,ds) — > L'^{lR,ds) ® Xj C H ; the adjoint of this operator is J* : H ^ L'^{R,ds) 
acting as {J*f){s) = £ f{s, u)xj{u)du. Given j e IN , we denote by Pj the projection 
onto the mode with index j , Pj := JljJ^j' , and set Qj := In — Pj ■ 

The perturbation W consists of operators which couple different transverse modes. As 
a result the embedded eigenvalues turn into resonances. With our assumptions the result of 



DES holds: 
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Theorem 2.1 Assume (a0)-(a2). For all sufficiently small d each eigenvalue Ej^ of 
, j > 2 , n = 1, . . . , , gives rise to a resonance Ej^n{d) of H, the position of which is 
given by a convergent series 

oo 

i?,,„(d) = El+Y.el^-\d), (2.8) 

m=l 

where el^^\d) = 0{d^) as d ^ 0+ . The first term of the series is real-valued, and the 
second satisfies the hound 

< -Ime5''"^(rf) < c^,,- (2.9) 
for any rj G (0, r/o) , the constant Cr,j depending on rj and j . 

2.2 Main theorems 

Our aim in this paper is to show that similar bounds can be proven for the total resonance 
width. This is the contents of the following two theorems: 

Theorem 2.2 Assume (a0)-(a2). Then for any rj G (0, rjo) , j >2 and n = 1, . . . , N there 
is Crjj > such that 

< -ImEj^nid) < C^j (2.10) 
holds for all d small enough. 



Theorem 2.3 In addition, assume that 7 extends to a meromorphic function in S^o.rji 
with 771 > 770 ■ Let T]p < Tji he the minimal distance to the real axis of the poles and assume 
that the maximal order of the poles at this distance is 1 < m < 00 ; then there are positive 
constants Cf^ and Cf^ such that 

< -\mE,^n{d)<Cf exp|-^y2j^ (l-Cf ci^/('"+i))} (2.11) 
holds for all d small enough. 



Remarks 2.4 (i) There is an heuristic prediction for the value of Imi?j„((i) based on a 
formal semi-classical analysis where the role of the semi-classical parameter is played by 
d as d tends to zero. What one expects according to this prediction (for the details we 
refer the reader to [pES|| , in particular Remark 4.2e therein and also to the scheme of the 

2vr?7o 



proof below) is that lmEj^n{d) should behave like Cj{d)exp y —y2j — Ij where Cj{d) 

is polynomially bounded in d^^. However there is no chance to get such a precise behaviour 
without knowing the type of singularity that the curvature 7 exhibits at distance r]o from 
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the real axis. This is why in Theorem 2.2 we lose an arbitrary small part of the exponential 
decay rate and get a prefactor which may eventually diverge as rj tends to rjo . This 
kind of bound is typical in such a semi-classical context, see e.g ||Ag|| . 

(ii) The merit of Theorem 2.3 is to show that with a precise assumption on the type of 
singularity of 7 we are able to produce a bound which has a leading behaviour in accordance 
with the heuristic prediction. We would like to stress that, to our knowledge, this is the 
most precise bound obtained so far on the total resonance width in such a situation. 

Since we shall deal in the following mostly with a single resonance, we drop the subscripts 
J, 77. as well as the argument d whenever they are clear from the context. 

2.3 A sketch of the proofs 

Consider first the system described by the decoupled Hamiltonian . Each state of this 
system can be decomposed into the sum of its transverse modes, (p^ ® Xj^j = 1; 2, ... , and 
this decomposition is invariant under the dynamics generated by H^. For each channel j 
the dynamics of (j>^ is governed by the "longitudinal" Hamiltonian A + Ej = —d1 + + Ej 
which, due to the nonzero curvature of the guide and its decay at infinity (by (aO) and (a2)), 
possesses either bound states for energies below Ej or scattering states otherwise. Fix now a 
j > 2 and suppose that d is small enough so that a given bound-state energy E^ = Ej+Xn 
of A + Ej is embedded in the continuous spectrum of the lower modes. The only possible 
solutions to the equation H^(j) = E^cj) are then this bound state in the j-th mode and j— 1 
scattering states in the modes below. This structure is reflected in the classical phase space 
portrait of at energy E'^ (see Figure 1; we recall that for a matrix Hamiltonian H^'^''\q,p) 
the energy shell at is given by det {H^'^''\q,p) — E^) =0); the energy shell of is the 

union of the curves pl^^\s) := ±^E^— E^ — V^{s), k = 1, . . . , j . As expected only the 
j-th curve is compact. 

Let now be a bound state of in the j-th channel and consider its evolution under 
the full dynamics given by if = + W. In general, various channels of are now 
coupled by W and will undergo transitions to all other energetically allowed channels. 
For d small enough there will be no significant changes of the classical phase space portrait 
by the addition of W. Thus for the classical dynamics no transition is possible between 
different channels. Hence the transitions in the quantum dynamics are of the tunneling type, 
but in contrast to the usual situation the tunneling takes place in the p (i.e. momentum) 
direction. More precisely, the projection of the energy shell on the p-axis consists of intervals 
of classically allowed momenta, one for the j-th mode situated at the origin and two for all 
other modes with index k < j, situated around ±V E^ — E^ . They are separated by "gaps", 
i.e. , classically forbidden (momentum) regions which have a size of order d~^ as d tends 
to zero. The existence of such gaps suggests that the solutions of Hcj) = Ecj), with E close 
to E^, decay exponentially as functions of p in these gaps, a key property in the sequel. 
The main contribution to this tunneling process should come from the transitions from p^^'''^ 

to Pj-^i, since it is the first gap that the quantum state has to cross. This motivates our 
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Figure 1: A schematic phase-space portrait of a bent waveguide 



decomposition of the momentum space into QiU Qe, with Qi (iQe = ^ and Qi 
where u is approximately equal to J Ej — -Ej-i, the size of the first gap. 



-UJ,UJ), 



Let Hgcpg = E(j)g bc the eigenvalue equation for a resonance E and the corresponding 
resonance function (pg and assume that this resonance is associated to E^^ = E^ as in The- 
orem 2.1. The complex deformation, denoted by 6, is chosen as a scaling of the momentum 
exterior to Qi, cf. (3.1). In the transverse mode decomposition the eigenvalue equation 
becomes an infinite system of coupled differential equations in L^(iR) which can be solved 
for the j'-th component (pg := J'j<f)e of (f)g leading to the following equation 



E<I>1 = {Hl-Bl{E))4 



(2.12) 



in L\]R) , where H'g := J*HgJj, Bl{E) := J*We%{E)WgJj and Wg{E) := Qj{QjHgQj- 
Ey^Qj . In section 4, with the help of ( p32|) we prove stability of the spectral value E^ of 
Hg under the perturbation by Wg. Then we are able to show that for d small enough the 
tunneling picture given in the previous paragraph is correct. Indeed we obtain the following 
exponential bound on the j-th component of (pg: let p be a function obeying (3.2), then 



-ids e' 



p{-ids)j,j 



+ 



< OO 



(2.13) 



the bound being uniform as d tends to zero. This is one of the main ingredients of this 
paper. We turn now to the explanation of how one can use ( p.l3| ) to derive our exponential 
estimate on Imii^, which is the purpose of Section 6. 



From ( p.l2| ) we obtain by straightforward algebraic computations the following equation 
for ImE: 



ImE = {{\mHl-Zg{E)Wg,4) 
Ze{E) := J* {2Re [Im {Wg)RiWg] - {RlWe)* Im RiWg} Jj 



(2.14) 



with := QjHgQj provided (pg is chosen with the unit norm. The merit of this cumbersome 
formula is that it indicates that the operator ImHg — Zg{E) should acts as a localization on 
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f2e in the momentum space. This is due to the fact that each of its three terms contains an 
imaginary part of a scaled operator which is expected to vanish on Qi where the deformation 
does not operate. If this locahzation property would be true then (|2.14|) combined with 



( p.l3| ) would give immediately the desired exponential estimate on ImE: 

|ImE| < const e-^^^"^) . 

Unfortunately, since most of the operators involved here are non-local in the momentum 
variable, this simple reasoning does not work. However we are able to show directly that 
this localization property is valid in the following weaker sense 

e-f\lmH^(, - Ze{E)\e-f < const e-^P'^''\-dl + 1) 

which is all what we need. 

Let us finish the survey of the paper contents. To deal with the Schrodinger operator in 
the momentum representation, and in particular, with its image under an exterior scaling in 
the momentum variable, we have developed in Section 3 a functional calculus based on the 
Dunford- Taylor integral. All the necessary material for the exterior scaling is presented in 
Section 3. Finally the extension of our method to the case where the nearest singularity of 
the curvature in the complex plane is a pole is done in Section 7. 



3 Complex scaling and functional calculus 

From this moment on we pass to the unitary equivalent situation by performing the inverse 
Fourier transformation in the s variable, denoted by . We introduce the notation: 

p:=F-Ud,Fs and D := -idp = F;^ s 

For all other transformed operators we shall use the same symbols as before: 

H = ph{D,u)p-dl + V{D,u). 

Note that now := V{p^) ® {Til n H^)((0, d)) . 



3.1 Exterior scaling in momentum representation 

Complex dilations represent a useful tool to reveal resonances in systems with Hamiltonians 
having certain analytic properties. In the present case, we use the exterior dilation defined 
as follows: 

{t if t G f2j := {—oj, uj) 

(3.1) 
±uo + e%tTi^) if tene-=iR\ni 
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where is a positive number to be determined later. The parameter 6 takes complex 
values in a strip around the real axis; defining the sets Sa '■= {0 G C, |Im^| < a} , a > we 
have 6 G Sag ■ The function pg is for real 6 a piecewise differentiable homeomorphism of M 
whose unitary implementation on L'^{1R) is defined by 

TT /1/2 

UgLp := Pg ipopg. 

Ug and Pg are both called (exterior) dilation. In general, to denote the image under this 
dilation we use the index 6 . 

Recall how one uses Ug to get a complex deformation of operators. With a given closed 
operator T , one constructs the family of operators for 6 & M: 

e ^Tg:=UgTUg\ 

If this function has an analytic extension to some Sa (in a suitable sense — cf. |[K4 Ch.VII]), 
the resulting family is what is usually called a complex (family of) deformation(s) of T . 

We begin by considering the complex deformation of p and D: 



Proposition 3.1 (i) {pg : ^gC} is a self-adjoint family of type A in the sense of 
with common domain 'D{pf) = 'D{jP') . 
(n) a{pl) = %uj^]Upl{Sl,). 



We would like to remark here that since we are scaling in the Fourier image, we will have to 
use 6''s with a negative imaginary part to make the essential spectrum turn into the lower 
complex half-plane. 



Proposition 3.2 (i) {Dg : 6 E (V } is a self-adjoint analytic family. A vector u belongs 
to V{Dg) iff M G li}{Vt,) © Ti}{Vt^) and u{±uj ± 0) = e''/'^u{±uj ^ 0) , the action of the 
operator being given by 



{Dgu){t) = {p'g)-\Du){t) 
(ii) a{Dg) = e-^R. 




if t eili 
if t G fi, 



e 



Proof: (i) By the standard argument — cf. ||CDKS | for the case of the Laplacian. 



(ii) This is a straightforward calculation using the explicit expression of the resolvent kernel 
of Dg and bounding it by the Schur-Holmgren norm. Recall that the Schur-Holmgren norm 
of an integral operator B is defined through its kernel as 

||i?||5jy := max I sup J \B{x,y) \ dy , sup J \B{x,y) \ dx^ . 

{cf. | |Ka] , Example III. 2. 4]) and majorizes the operator norm. | 

To study a complex deformation of operators of the form f{D) we need to develop a func- 
tional calculus for Dg . 
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3.2 Functional calculus for Dg 



Since the operator under consideration contains the metric term (|2.2|) and the potential ( |2.3| ), 
we have to define the corresponding operator functions. The standard functional calculus 
is not applicable here, because Dq is not even normal for complex 6 ; instead we use the 
Dunford- Taylor integral. The original theory for unbounded operators is exposed in ||DS 



Sec. VII. 9]. But since analytic families of operators are not treated there and since it is 
necessary for our estimates to modify the original definition, we present the adapted theory 
in detail. 



Definition 3.3 Let a function f : (U —>■ (D satisfy the same requirements as j in (al) and 
(a2). Suppose that T is a closed operator in L?'{]R) and there is an open set V which obeys 
strict inclusions cr(T) C V C '^aa,vo '^'^^ whose boundary dV consists of a finite number of 
rectifiable Jordan curves with a positive orientation. Suppose also that {T—z)~^ is uniformly 
bounded on dV . Then we define 

f{T) := f / f{z){T-z)-'dz. 
The operators defined this way will be called Dunford- Taylor operators. 



Lemma 3.4 (i) f{T) is a well-defined bounded operator on L'^{IR) . 

(a) If T is self-adjoint, f{T) coincides with the operator obtained by the usual functional 

calculus. 

(Hi) Bf{T)B^^ = f{BTB^^) holds for any bounded operator B with bounded inverse, 
(iv) For 6 E M , let Tg := UgTUg^ such that {Tg,9 G Sa} ,0 < a < ao is an analytic 
family of operators. Assume that there is an open set V with [J criTg) C V C ^ao,vo ' ^^^^ 

{Tg — z)~^ is uniformly bounded on dV for all 9 E Sa and that dV obeys the conditions of 
the definition. Then for all 9 E Sa 

{f{T))^ = f{Tg) 

and these operators form a bounded analytic family on L^{IR) . 



Proof: We prove this lemma in appendix A. 

In our case T := Dg ; since a{Dg) = e^^lR, it is clear that for any 9 with |Im6'| < ao 
there is a domain Vg satisfying strict inclusions cr{Dg) G Vg C. ^ao,Q ■ But we still need to 
control the resolvent of Dg . 

Before doing that we want to introduce another operator deformation we shall need later: 

Tp := e^Te-P, 
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is usually called the image of T under the boost —ip , where p is an absolutely continuous 
function. In particular, Dp = D + ip', suggesting the origin of this terminology. We shall 
only consider real functions for the boosting, i.e. only purely imaginary boosts. Furthermore 
it will be sufficient for our purpose to use only boosts being constant on ■ Then, of course, 
the boost commutes with the exterior scaling and there should be no confusion concerning 
our notation, p , for the indication of the two deformations of T. 

If p' is supported on f2j , one has Dg p = Dg + ip' . Note that we write D^ p for 
{Dq^pY . Finally since p, and therefore also e^^ are bounded, we have f{T)e~P = f(Tp) 
by Lemma |3]^ (iii) . 

Due to group property of the exterior dilation in 6 it is sufficient to perform the estimates 
for purely imaginary 6 ; we shall write and prove the corresponding bounds for 6 = ijS , (3 E 
M only. 

We will use the symbol xa to denote the characteristic function of a set A . 



Proposition 3.5 Let p be a real, bounded, absolutely continuous function on IR which is 
constant on il^- Furthermore define Gi3,p := € C : | arg (^±ze~'^^^'^^ \ < |/3|/2 or |Imz| < 
IIp'IIoo} — cf. Figure 2. Then for all j3 with \P\ < | and all z E (V \ Qp^p 

{Di^^p-zy^ < dist{z, Qp^p)'^ 



Proof: Let v G V{Dip) and w := p'_^pV . Then ||w|| < It'll ; we have 

\\{Dip+ip'-z)v\\\\w\\ > \{p'if^{z-ip'-Di(i)v,v)\ > |Im (p.^(z-ip'- A/3)f , t^)| 



\{{lmp'ipz-p')v,v) \ ; 



2 {{Xn^v, v) + {xn,v, v') + {xn^, v) + (xn.v, v')} 



The last equality is due to: 

Im [p'ip Di/3V, v) 



2 

= 

using that for v G V{Dip) the discontinuity at ±u is just the phase e 



^{1 





+u;-0 






1^1' 


-uj+0 




+1^+0 J 



i/3/2 



For the sake of brevity we shall use the shorthand := f{D^) for the Dunford-Taylor 
operators under consideration, where i) = 6, p, etc.; the superscript c will denote the 
complement of a set. The last proposition implies, in particular, that 



max • 



{ II 



{D*p^p-zr'\\} < dist(z,S|^|, 



ilp'll. 
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Figure 2: To the definition of tlie Dunford- Taylor integral (tlie case lm^^<0) 



liolds for z G ; the involved domains are sketched on Figure 2. Furthermore we 

want to state the general conditions on p which will be imposed up to the end of Section 6: 

(i) p is a real, absolutely continuous function on M which is constant on fie , /q ox 

(ii) IIp'IIoo <ii <Vo- 

The functions h and V — c/. ( |2.2|) and ( |2.3D — are understood as rational functions of M7, 
U7' and wj" . Notice that their structure is particularly simple; there are only powers of 
1 + U7 appearing in the denominator. 



Proposition 3.6 Let p satisfy ( ^7^) . 

(i) le,p and therefore Vq^, as well as 'y'g p and are bounded self-adjoint analytic families 
of operators in L'^{IR) in 9 provided 9 G Sa^ ■ 

(ii) Let «! < tto • Then for d small enough, depending only on ai and f] , the operators 
V{Dg^p, u) and b{Dg p, u) in Ti form hounded self-adjoint analytic families in 9 provided 
9 G . 



Proof: The first assertion is an immediate consequence of Lemma p.4| , Proposition and 
(al)-(a2). For (ii) notice that we have for a function / obeying the same requirements as 7 
in (al) and (a2) and \m.9 = (3 the bound 

II /(Aap) II < (dist(5V,S|^|,||,,j|^))"' / |/(;.)| \dz\ , (3.3) 

for any integration path dV C ^ao,rjo \ ^W\,\\p'\\oo verifying the conditions in Definition ^l3| . 
Thus we see that the operators •yg^p for 9 G Sa^ can be bounded by a constant depending 
only on ai and rj. Choosing d small enough, this immediately implies that ||M76i.p|| can be 
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made smaller than one. Thus (1 + wje^p) ^ exists and is bounded, which is all we need in 
view of the structure of b and V and (i). | 



When there is no possibility of confusion, we will use for the operators h{D^,u) the 
symbol , too. 



Even though formula (|3.3|) will be useful later on, it is not sufficient. In particular we will 
need more information about the dependence of the norm on (3 which is provided by the 
following proposition. 



Proposition 3.7 Let f obey (al) and (a2). Then for any compact subset I of {—ao^ao) 
there exists a constant C such that for all a, (] & I , 



f{D,p)-f{D,^)\\ < Csin 



13 — a 



Proof: We have 



fil3-fia = TT- / fiz){rifj{z) -ria{z)) dz 
Zn Jdv 



where r,{z) := (Z), — z) ^ For v,w E L'^{IR) let v := rip{z)v and w := r_ia{z)w . Then 
{{rip{z) - riaiz))v, w) = (v, D^i^w) - {Dipv, w) 



I < vw 



+1^+0 

uj-0 



,w 



+UJ+0 



where we used that v e V^Dip) and that w G V{D^ia). We can now rewrite the boundary 



term as ivw\ 



-ui-O 



e'"{xn,v, D_iaw) - e'^^xn^Dipv, w) , so that 



This can be written, dropping the argument z in the resolvents, as 



2i 



z sin ^r,^xn.r,p + sm ^ (e-^^^-^^/^n.r,;, + e^'^^-^^^^Xn. 



(3.4) 



implying by proposition 3.5 



\rif3{z) - ria{z)\\ < 2 



< 2 



sm 



sm 



^ifi{z)\\ + + \z\ \\rip{z)\\ \\ria{z) 

dist(2:, S|/3|,o) + \z\ + dist(2:, T.\a\fi) 
dist(z, S|^l,o)dist(2;, E|„|,o) 



We also used that since |/3 — a| < vr, we can bound | sin by | sin ^^\- Furthermore we 
can suppose without restriction of generality that \(3\ > \a\. Then we can choose dV in 
^ao,vo/2 \ ^|/3|,o such that the last factor on the left side is bounded by a constant depending 
only on / ; due to (a2) the statement follows. | 
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3.3 Some estimates on pij3 and Wip^p 



The leading longitudinal part of the dilated Hamiltonian is the operator of multiplication by 
pff^ . Here we collect some simple bounds which we shall need in the following. 

Proposition 3.8 (i) For all p G M, any positive integer n, any \f3\ < | and uj>0 we 
have p^^ > > p^"cos"/? . (ii) The function p i— >■ Pip{p) , satisfies on Vt^ for any uj>Q 

the hounds: Re pjf^ > p^ cos 2/3 + 2uj^ sin'^ (3 if < ^ . 

Proof: (i) It is sufficient to consider n = 1 . For every real p we have 

= P\n, + {uj^ + i\p\-ujf + 2u{\p\-uj)cosf3)xn.- 

The part on the right side restricted to Qg satisfies 

p2 + 2(cj2 -cj|p|)(l-cos/3) > / + (cj2 -p2)(l-cos^) = p"^ cos f3 + uj^{l- cos (3) ] 

since the very last term is nonnegative, we obtain the second inequality. Furthermore, 
uj^ —uj\p\ < on , so the same expression may be estimated from above by p"^ and thus 
the first inequality follows. 

The identity 

Rep2^ = p'^cos2(3 + uj^{l-cos2(3) + 2uj{\p\-uj){cosp-cos2f3) 
yields (ii) on fl^, because cos/? — cos2/3 > for < ^ . | 

Let us fix an ai in (0, Uq) and define the weight 

(p) := (p2 + ^y/' ^ ^ ,= sup{||K;5_J : < «i , P verifying (3.2)} , (3.5) 

The supremum exists by ( p.3|) and is strictly positive by (aO). 

The motivation for the choice of this weight is that it will simplify the statements and 
permit us to obtain particularly simple constants in the subsequent resolvent estimates. 
Notice that it depends only on the fixed parameters ai and rj , but not on d . 

Furthermore we fix do such that bi^^p and Vijs^p exist and are bounded for all |/3| < ai and 
all p verifying (|3.2|) , if d < do. 

Proposition 3.9 Let < ai , and d < do ■ Then there exists a constant > for all 
p satisfying i\3. 2J such that \\{p)~^Wip^p{p)^^\\ < c^d. 

Proof: Since Wi^^p = Pip{h-l)ii3^pPip + {V -V^)ii3^p we get 

'" = o!S,S,{5(«"-i''^''« + 7«'^-''°'*'ll)} 

which does exist because \{h — \){-,u)\d^^ and \{y — V^){- ,u)\d~^ obey (a2) for all u G 
[0,(i], d G (0,(io]- Notice that we also used \piplp\ < 1 as proven in Proposition ^Tsj | 



14 




3.4 The operators Hq and Hq 

Let us finally collect some basic properties of the operators Hg and Hg , images under the 
exterior scaling of the "free" and the full Hamiltonian, and H , respectively. 



Theorem 3.10 (i) The operators Hg for \lm6\ < oq form a self-adjoint analytic family 
of type A with the common domain V{H^) = V{p^) ® {Hi (1 n^){{0,d)). Moreover (cf. 
Figure 3), 



a{H'g) = {X + E, : X e {{Xnj^iU u U a{pl)) , j = l,2,... } , 
where v denotes the set of resonances of the operators Aq =Pe + V"J' (which may he empty). 

(a) For all sufficiently small d, the operators Hg with \lm6\ < a\ form a self-adjoint 
analytic family of type A with the common domain V{H^) . 



Proof: (i) Analyticity of Hjj follows from the boundedness and the analyticity of 7e , see 
Proposition The form of the spectrum is due to the analyticity, the structure of the 
operator, Hg = Ag I + I {.~dl) , and the p^-compactness of •jg in view of (a2). 
(ii) Due to Proposition ^.9| , Wiis is if^yj-bounded with a bound smaller than one if d is small 



enough and < ai . This bound extends by the group property of the exterior dilation to 
all 6 G iSfji . Thus the analyticity of Hg follows. | 



Remark 3.11 (i) The set u of resonances of Ag cannot contain embedded eigenvalues due 
to the decay assumption (a2) {cf. ||KS| , Sect. XIII. 13]). 

(ii) If u is chosen large enough no resonances of Ag will be disclosed at all; the continuous 
spectrum is deformed only in a sector with vertex a;^ , whereas the resonances lie inside a 
disc around the origin with a fixed radius of order . 
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4 Stability of the discrete spectrum 



Our next goal is to estimate the effect the perturbation Wif^ has on the spectrum of the 
'03 



operator H^g . 



4.1 Estimates on R'^^ and R^p p 

Let Ej j^ = Xn + Ej , j > 2 be a fixed eigenvalue of Hg . We choose: 

T:={ze(D: \z-E%\ = r }, with r := ^dist(A„, (t{A) \ {A4) (4.1) 

to be a circular contour around Ej^ such that no other eigenvalue of H^^ is within F , and 
denote Vr := {z E 6J : {z-E^J <r}. 



/3V 

r . For the estimate it is advantageous to pass to the transverse mode decomposition, Hf^ 



Having the intention to prove stability by perturbation we have to control Ri^iz) on 
For the estimate it is advantageoi 
being diagonal in this decomposition: 

K = I1 ^fc^S'^/c*, H^fl" ■■= J^K'^k on L^IR, dp) 

k>l 



Since is not self-adjoint (for (3^0) and a part of F lies in the numerical range of H^^'' 
for every k < j {cf. Figure 3), simple estimates in terms of the distance to the numerical 
range do not work here. 

The difficulties for the j-th mode result from our desire to chose the u of the exterior 
dilation (see eq.( |3.lD ) as lu = 0{^Ej — Ej^i) . This d dependence of u implies a d depen- 
dence of the deformed operators H^^'^ so that the usual argument using the compactness of 
F to assure uniform boundedness of R^'^{z) are not applicable here. Instead we chose to 
perturbate around /? = ; it turns out that then the estimate is independent of lj , and thus 
of d : 

Lemma 4.1 Let c^"^^ := ^max{l,3r}. There exists < Pi < min{|,Q;i} so that for 
\P\ < Pi one has 

sup \\{pyR%\z){p)\\ < c(2), / = 0, 1 and sup ||(p)X/(^)|| < c^'\ I = 0, 1,2. 
zer z&T 

Proof: We prove the claim using that /?°/(^) ^ (z) in the operator norm as /5 ^ 
uniformly for z G F . By the resolvent identity, 

R^iz) - R^'^iz) = R^{z) {p'-p% + V'- V^,) R''^{z) . 
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One has for every /? the inequahty {p^ — pf^ \ < 6 | sin | . Let < /3i < ao • Using 
Proposition |3?^ imphes that there is a constant C for all |/?| < [3i such that — V^j^H < 
C I sin 1 1 . Thus we get the estimate for every z eT : 

\\{v'-v% + v'-v^,)r''\z)\\ 

= W-piMp'+^V + iv'-v^){p'+i)-'} ip'+i)R'^\z) 

< max{6,C}|sin|| (l + (l+r+\\V°-X, ^ 



Taking jSi small enough one can certainly ensure that for all (3 with \(3\ < f3i and all 
z G Tone has || [p^— pfp + V^—V^f^ B?'^{z)\\ < |. Solving the resolvent identity gives 

\\R^ii{z)\\ < f . Thus the use of {p)^R°'^{z) = 1 + (t+z-Ej-V^) R^'^{z) , and of the facts 
that in our situation ||^° — A„|| < H^^H and r < ||y''||/2, yields the claim for £ = 2 in the 
second formula. The statement in the case of only one weight present is then obtained by 
an obvious quadratic estimate. The symmetric case with one weight on each side of the 
resolvent is handled by following estimate: 

|Kp)i?°'^-(z)(j,)f <||(p)/?°'^-(^)(p)|| + (r + 2r)|Kp)i?°'^-(^ I 

The restriction < ^ is not necessary in this lemma, but for later convenience we prefer 
having it stated. Indeed to simplify the statements we work from now on with a fixed j3: 

(3 G 0), with I3i given by Lemma 4.1. (4.2) 

Consequently, the dependence of the constants on [3 will be no longer specified. 

For k ^ j the resolvents R^lp{z) are estimated considering as a perturbation. We 

use the fact that the distance between Dp and the spectrum of H^p''^ := Ek + pfp tends to 
infinity as d tends to zero whereas V^^ is bounded, independently of d. We choose uj to be 



u := ^^(2j-l)(l-erf), (4.3) 

where is a supplementary positive parameter specified below to govern the distance of the 
spectrum of H^^'^~^ to the contour F — c/. Figure 3. 

Lemma 4.2 Let p verify condition and c^^^ := 8v^ . Then for all (d,^) verifying 

l>^d> —— d' (4.4) 
I smpi 

one has for £ = 0,1 

(a) snp^,^^\\{pyRU;\z){p)\\ < j£^^d~', 

(b) sup,,^^ \\{pyR%'Az){p)\\ < ^rfi-^ for all M j, j-1 . 

Proof of the lemma is given in appendix B. 
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4.2 Stability of the resolvent set of H^p 



Lemma 4.3 Let T and (3 he fixed by (4jJ_) o-nd ^-Sj . Then for all sufficiently small d < 
such that the condition ( \4-4) verified for ^ > 2c^ max{c'^^\ J^!^} f^'^ = ^^e contour 
r belongs to the resolvent set p{Hij3) . 



Proof: If we can show that 

R.p{z) = R%{z){p) (l + {pr'W,pR%{z){p)y\p)-' 



makes sense for all z G F , we are done. The boundedness of -R°g(z)(p) has already been 
proven in the two preceding lemmas. Thus showing that \\((p)~^WipR^i^{z){p)\\ < 1 will 
conclude the proof. First of all one has R^piz) = Y^j^^i J'kRf^p{E)J'^ . Secondly, the opera- 
tors J'k, commute with (p) and the map J := Yl,k>\Jk '■ ®k>i L^i^ydp) ^ H is an 
isometry. So we can employ Lemmas |4.1|, [4.2| and Proposition |3.9| to get 



\\{p)-'w,pRUzm\ < \\{pr'wM-'\ 



^{p)R^^^\z){p) 



k=l 



< c d max 

k 



c^d max < c*-^-*, 



sm 



m } - 2 



recall that < {li < 1 . | 



Corollary 4.4 Under the same assumptions, the eigenvalue Ej ,^ of H^^ gives rise to a 
single perturbed eigenvalue of Hip of the same multiplicity. 

Proof: By standard interpolation between the respective projections, 

Pfp ■■= ^ I R%{z)dz and P,p := ^ R%{z){l + W,pR%{z)) dz . | 



5 Exponential decay estimates 

Please keep in mind that (3 is now considered to be a fixed parameter, cf. (|4.2| ) and that. 



up to the end of the proof of Theorem 2.2, p obeys the condition (p.2|); these facts might not 



always be stated explicitely. Let E = Ej^n be the resonance associated with Ej.^ . Under 
the conditions of the last section the corresponding complex eigenvalue equation 

Hif34>i(5 = E(j)ip (5.1) 
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can be easily demonstrated to be equivalent to the system 



(5.2) 



Q 



j(Pif3 



-RUE)W,^P, 



(5.3) 



for a given j = 2, 3 . . . , as pointed out in Section 2.3. Recall that there we defined Rlp{E) = 
Q j{Q j{Hip — E)Q j)"^Q j . We shall introduce the analogous notation, , also for a general 
closed operator A: we define A^ := QjAQj meaning that the operator is restricted to the 
orthogonal complement of the subspace associated to the mode H^'^ . In the case of resolvents 
the hat designates the resolvent on QjH, that is (A — z)-^ := Qj{Qj{A — z)Qj)~^Qj . 



to 



Using the embedding operators (see Section 2.1), we find that (|5.2|) is further equivalent 



{H^^-Bi^{E)) 0^ = E<jyi^, Bl^{E) := j;W,pW,^{E)W,pJ, 
on L?'{]R) . First we have to establish that these equations make indeed sense. 



(5.4) 



Proposition 5.1 Under the conditions of Lemma \4.3^ on d and ^ and the condition (j^ 
on p the following bounds are valid 

(^) W)%,{E)m<j^„ 

(^^) \\{p)-'w.,pApy'mp)%Amp)\\<^ <^nd, 

(m) \\{pr'Bl,,^{E){p)-^<c'^d. 



Proof: We can write 

%^E) = {Q,H^^^^Q, + Q,W,p,,Q,-Ey' = R%^^^{E) {l +W,p,,R%'^^{E)y' Q, . (5.5) 

Now since Rf^p{E) = J2k^j '^kR^p^piE)J'^ one has by the argument in the proof of Lem- 
ma [4.3| and by Lemma [4.2| 



< c^d max 



{p)RZiE){p) 



1 

< - 
- 2 



Hence ||(p)i?^^_^(E)(p)|| < j^^^ • The condition on ^ ensures then that ^^.^^^^ 
thus (ii) by Proposition |3.9|. The last assertion is due to the estimate 



< 1 and 



(p)-'^^Ap(^)(p)"i<||(p)~'w^./3,p(p)-i \\{p)Ri,,,mp)\\<c'^d. I 

Let be a normalized solution of the above complex eigenvalue equation ( |5.1| ). Denote 
the boosted eigenfunction e^cpiis by (pijs^p , where p obeys (|3l^) . Then equation (|5.4|) implies 



e'im^ - Bl,{E) - E)e 
which in turn gives the relation 



Pcty' 



Re ((iJ^,, - Blp^^{E) - E) 0^^,^ 



0. 



(5.6) 



To be able to apply the usual Agmon technique [|Ag|| , we need the following 
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Proposition 5.2 Let d he small enough so that cos 2/3 — d > . Then p^, defined by 

1 o 



2^^ 



\V^pJ + \ReE-E,\+2c'^Td 
(cos2/3-2c^rf) ' 



(5.7) 



is uniformly bounded in d . Under the conditions of Proposition |5. j| the following inequality 
holds in the form sense on VijP'®!): 

Re {Hlp^^ - Blp^^{E) -E) > (cos 2/? - 2c^rf) U - ^pl 



Proof: The statement on is trivial. Then using the estimates on Pif3,Wi/3^p and Bj^ ^ of 
Propositions |378|, |3l9|, and O] we get 



Re(i/^,,-i?^;3,,(E)-E) > Rep^^ + Re(iy^,,-i?^;3,,(E))-||y,°,J-Re(E-E,) 

> cos(2/3y- 2c^rf(p)^ - lll^J^J- |ReE-Ej-| . | 

We conclude this section with the main ingredient for the proof of the estimate on the 
resonance width: the exponential decay as d tends to zero of the resonance wave function 
(plp in the sense. 



Theorem 5.3 Denote fij, := (— where is defined by (\5. ![) . Then for any j3 G 
[— /?i,0) and any r] G {0,rio) there is a dr, < d^ , such that for d G (0, (i,,) one has cos2/3 — 
2c^d > and ui > p^, , with ^ as in Lemma \^.!% and for 

^max{0,p} 

P{P) := ^ / . XnAnSt)dt. (5.8) 



we have 



< 2 



min{0,p} 

and 



< 2pl 



(5.9) 



Proof: The first statement is evident, since f3 and r] are fixed parameters and remains 
bounded as d tends to zero. For the proof of the second statement note that p satisfies 
( pl2|) . At the same time, p' is by definition zero on Q^, C Qi . So the use of the preceding 
proposition with cos 2/3 — 2c^d > and the relation ( |5.6| ) yields 



P^-\pl)xnt(pkp,(pii3,p 



< 



< -,Pi 



Evidently we have 



iP^-^Pl)Xni > ^Plxn^ 

Inserting this into the above inequality, we first find < 1 , and using the same 

inequality for the second time, we arrive at the estimate 



2 

* • 



The observation that 
proof. I 



(PkpXn. = (l>lpXn 



< 1 and that 



P<Pil3,pXn^ < P* finishes the 
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6 Concluding the proof of Theorem 2.2 



Up to now we have employed the real part of equation (|5.4]) . The imaginary part yields 

lm^||0^f = (Im(i/^-S^(^))0]^,0]^) ; (6.1) 
for the moment we do not need the complex boosts. Using the following simple identity, 

Im (ABA) = 2Re [ Im {A)BA ] + A*lm {B)A , (6.2) 
together with resolvent equation, we can express Im , as 
ImBif, = Z,p + \mE\%WipJ,\\ 



HP 



J*{2Re [lm(W^,^)^^^W-,^] -W/,^^^;im(i74)^^^iy,4 J„ 



where we have already ceased denoting the explicit dependence of the resolvents on E . 
Inserting this into ( |6.1| ) we get 

ImE(||0^f + ||i?^W,^J^0^f) = ((ImH^-Z,^)0^,0y. 
Now the equation (|5.3| ) together with JT^JT^* = Il'^(]rap) yields 



hence if the complex-scaled eigenvector is normalized, equation (|6.1| ) is equivalent to 

\mE = {{\mHlp-Z,p)cl>lp,cl>lp). (6.3) 

The following proposition shows that considering the imaginary part means in a sense a 
localization of the Dunford- Taylor operators on Vie , which is naturally the case for local 
operators, i.e. pip . Together with the estimates on the exponential decay of the resonance 
function, this will yield the sought estimate on Im E . 



Proposition 6.1 Assume the conditions of theorem \5. 3( and put := p{iu) . Then there 
exists a number such that 
(z) \\ e-P Im V^p e-P\\< e'^P* , 

(a) II {py^e~P\v[vWii3e~P{p)~'^\\ < dcr,e~'^P* and 

(Hi) there is a number C^^ such that \\{p)^^e^P {ImH^f^ — Zijj) e^P{p)^^\\ < Cj^e^'^P* . 

Proof: Since T^aa^-qo ^^"^ ^/3,»? symmetric with respect to the real axis we can choose 
the integration path dV in Sao,,,,, \ S/?,,, invariant under complex conjugation. Using then 
the Schwarz reflection principle, it is straightforward to compute for a function / obeying 
(al)-(a2) 

\ i r 

lmf{Difs) = —— f{z){ri/3{z)-r_i/3{z))dz. 



2i 2tt Jdv 
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Now again by the norm convergence of the integral we have 



Using equation ( p.4| ) with a = —j3 yields, again omitting the argument z for the resolvents, 
we get 



2i 



-2p, 



(sin (3 z r-i(3-pXneri/3,p + sin f (e ^^/^Xfie'^i/J.p + e 



j/3/2 



Thus we obtain by Proposition 



-p r^^[^)-r^^\ 



2i 



< e-'^P* \smp\ 



2dist(z, + \z\ 
dist(2;, T^p^riY 



(6.4) 



This justifies the statement for as in Proposition |37? . 
For (ii) we have 



Im = 2Re(lm{pifs) {b-l)ippi(s^+p-iplm{b-l)ippii3 

= p{2Re 



(lm{pifi) pifs\ p_ip _ 
' (o-l)i/3 — H Im(&-l)i/3 — I 



V P 



p 



p 



P , 



yielding 



+ 



e ^Imbif^e ^ 



{p)-^e-nm(p{h-l)p)^^e~''{py'\ < e-'P*2\\{b-l),p,p 

for some number c'^ . We have used here the fact that the imaginary part of pij3 is zero on 
VLi and that 6—1 = u/ , with / obeying (al)-(a2) uniformly for u G [0,(i], d G (0, rfo) . 
Thus we can apply the calculation used in (i) above. This is also possible for Im {y—V^)ii3 . 
Now (iii) is easy, since ImH-^ = Im (p^^ + J'jWijsJ'* + V^^) . Evidently we have 

(j))-^e~nmp^if^e-f{p)-^\\ < e-^^* 
The term e~'^Zi/3e~'' is handled by noting that Im if/^ = Qjim (pff^ + Wijs + ^ Qj and 



that \\{p)Rif^^pWi[^p{p) ^\\ <1 by Propositions |5T 



n : 



{p)-^e-PZifse~P{p)-^ <2 {p)-^e-nmWi^e-P{p)-^ + {p)-^e-nmHipe-P{p)-^ 



< {3cr^d + + l)e 
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Returning to ImE we know by general arguments that it cannot be positive — cf. [ IRE 
Sec. XII. 6], so equation (|6.3| ), the above estimate, and Theorem p73| yield 



< -ImE < [\\p(f)l 



Apii' + ^ll^kpl 



(6.5) 



The assertion of Theorem |2.2| now follows from the observation that r and are bounded 
as d tends to zero and that 

exp{-2p4 = exp |-^y'2j - 1 (1 + 0{^d))'^ . 



7 Proof of Theorem 2.3 



The proof uses the same ideas as the proof of Theorem 2.2 except that due to the strength- 
ened assumptions on the function 7, we can allow now a boost function p with ||p'||oo 
exploiting asymptotically the full width of the analyticity strip, i.e. \\p'\\oo tending to rjp as 
d approaches zero. 

The key to this is the representation of f{Dif^) below when / is a meromorphic function. 
For the sake of simplicity, assume that / has a single pair of complex conjugated poles in 
Tjao,r]i \ Soo.rjo i cxteusion to any finite number is straightforward. Let the order of these 
poles be A^; for the proof of Theorem 2.3 we will have to consider several meromorphic 
functions made out of 7 with poles varying in order, not necessarily equal to m . Without 
loss of generality, we also may suppose that the poles lie on the imaginary axis at Zp = ir]p and 
Zp . In view of the Schwarz reflection principle, it is sufficient to discuss the behaviour of / 
around the pole in the upper half-plane and to translate the results by mirror transformation 
to its counterpart; in particular, the integration contour dV in the D unf or d- Taylor integrals 
will always supposed to be symmetric with respect to the real axis, i.e. of the form dV : = 
/CU/C with a suitable upper branch K. . By assumption, / can be expanded into its singular 
and regular part in a pierced neighbourhood of Zp , 

fip) = ( S\k + J^'^M ' < \p-zp\ < 6 . 
k=i yP ^p) 

for some e > . Let /C now be passing above the pole Zp , but lying entirely inside T,ao,rii 
Then the residue theorem yields the following 

Proposition 7.1 Let f obey the same requirements as 7 in (al)-(a2) and let f and dV 
be as above. Then 

N _ ■ 

/(A/3) = E(/-fe(A/3-^p)-' + /-fc(A/3-^p)-') + ^ / fi^m^-^r'dz. 
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This proposition together with Proposition 
operator: 

ll/(A/.,p)|| < 



yields immediately a bound on the boosted 



C 



(7.1) 



{Vp - IIp'iioo; 

note that the integral part can be uniformly bounded, since the integration path K, can 
be kept at a finite distance, independent of d, from the horizontal z = i\\p'\\oo , so that 
this formula holds for all ||p'||oo < Vp with an appropriate constant C. In view of the basic 
decomposition (p.6|) we thus have to investigate how we can apply this formula to 6—1, V—V^ , 
and and how this conditions the maximal ||p'||oo to be chosen. For this recall that we 
can interpret b and 6—1 as a simple rational function of wf . Choosing ||p'||oo = Vp~ 



implies ||M7i/3,p|| = C(c/i/(™+i)) and V^^^ ^ = 0(rf^2m/m+i)^ ^-^^ ^^^^^ ^^le pole of 7 being 

m. Since 6-1 = -m7(2 + u7)6 and V-V'^ = y°(6 - 1) + ^u^b^^^ - \u^i%'^ , we obtain 
the bounds applying the above proposition and inequality ( [7. 1|) to the various powers and 
powers of derivatives of 7 observing that ||6j^^p|| is uniformly bounded. 



But before stating all the necessary bounds in a proposition let us be more precise about 
the choice of p. It shall be defined by formula ( |5.8| ) with rj replaced by rfp — d}/'^'^^^^ and 

by where p'^ is a quantity uniformly bounded with respect to d to be fixed 

later. Note that still denotes piui) . We also have to be precise concerning the weight 



T 



Recall that r had been chosen to be a uniform bound on 
next proposition this is again the case. All 
property and remain thus valid. Notice that 



As is confirmed in the 
Drevious estimates involving r used only this 
does not depend on p'^ , cf. ( [7.1|) . 



Proposition 7.2 With the definitions above and for d small enough 
(i) there exist numbers and Cb such that 



sup 

0<-/3</3i 



— 2m 

< c^d^+^ 



and \\{p) ^Wip,p{p) i < Cforf 



1 

m + l 



(ii) There exists a constant c such that 



e-PlmVile-f 



2m + l 



< cd ™+i e 



and 



\{p)-^e-PlmWifse-P {p)-^\\ < ce"^''* 



Proof: (i) The first statement is clear, the second statement is obtained as in Proposition ^ 
We have here 



Cb = max 

0<d<do 



{d-^^{Ub-l).,J+T-'UV-V%,j)} ,r-' 



2m 



By the above discussion it is easy to see that Cb is uniformly bounded in d . For (ii) we 
can use the same algebra as in Proposition ^]l|(i)-(ii). It remains only to prove the proper 



24 



localization of the residual parts. We have, switching back to / as in Proposition |7]T] and 



using the notation of Proposition 13.7] , for some 1 < k < N 

Im (^f^krifsizp)'' + JI^rip(z^f^ = 

= Re/_fclm (vifsizp)'' + r„i^(zp)''*) + Im/.^Re (rip{zp) 
= Re/_fclm (ri^(;Zp)^' - r^.^izpf^ + Im/.^Re (rifsizp)'' 



' r-^f3{Zp)''* 



r-iR[z 



iisyzp) 



The trivial identity A'^-B'' = {A-B)A^-^ + B{A''-^ - B^-^) implies e-P{A^ - B^)e'P 
E^=o Ble^P{A-B)e-PA)^-^-^. We obtain by Proposition ^ 



'{rip{zpf-r_ip{zpf)e p 



fc — 1 



e ''[rii3{zp)-r_ip{zp))e p 



JV + l r, 

< cNd' — e-^P* 



for the second inequality use ( |6.4| ) and majorize k by A^. We explicitly have d := | smj3\{rjp+ 
2|^i/(m+i)^ Taking the appropriate N for each of the functions concerned yields the result. 



Recall that the crucial equations to be justified are (|5.6|) and ( |6.3|) which means the 
justification of the existence of Blp p{E) and thus of Rlf^ p^E) . Of course we still would like to 
use the resolvent equation ( |5.5| ) of Proposition pTT| , so we need || {p)~^Wip^pF^^^^p{E){j))\\ < 1, 
which is impossible unless we make u smaller. We modify ( [4.3|) by choosing 



v/(2j-i)(i-erfi/("+^)). 



(7.2) 



We follow the proof of Lemma [4.2| in Appendix B. Applying Proposition |B.1| with k 
^^i/(m+i) ^eget: 



2|sin/3|^rfi/(™+i) 2|sin;g| ^ 



Thus for d small enough choosing 1 > ^d^^^"^^^^ > d^^c-y\ sin/3| implies 
ll^/3,p-^l'/3' ^1/2 and we obtain by the resolvent identity ( p.4|) and ( p.5|) 



.(1) 



< 



^-l/(m+l) 



(7.3) 



sin/5|^ 

Proceeding as in Proposition ^Tl] we need that \\{p)~^Wif3^pR^'^^p{E){p)\\ < 1/2, which is the 
case if > 2d^^Cb\ sin/5|~^ . Consequently 

2c(i) 



< 



sin/?|e 



and \\{p)-'Bif,/E){p)-'\\ < Cbd'/^^'^+'\ 
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The inequality of Proposition can be formulated now as 

Re(W,f,^^-Bi^^^{E)-E) > (cos 2/3-2c, (^p2_^^-2W{™+i) 

with the new, but nevertheless uniformly bounded (in d ) 

jof + 2cb c^rf^/('"+i) + d2m/(m+i) \ReE-Ej\ 



2 ■ cos2;3-2c6(iV(m+i) 

the inequality is, of course, to be interpreted in the form sense on V{p^ (g) /) . Thus for 
all sufficiently small d the formula ( ^.9|) remains valid with p^, = p'^d~"^^^"^~^^^ when i] is 
changed to r]p — d^^^'^^^^ in the definition (|5.8| ) of p. 



Since also the algebra used for Proposition |0|(iii) can be applied without change, we 
just need to substitute corresponding constants to arrive at the following inequality replacing 

(H) 

0>lmE>-C (p'l + c^) c/-4+3/(™+i) e-2p* , 
for some constant C . To conclude the proof, it remains to expand p^, : 

= ^ .J^l {i + oid'/^-^'^)) , 

and to notice that negative powers of d in the prefactor have no significance and can be 
absorbed in the error term of the exponential decay rate. 



A Proof of Lemma 3.4 



Proof of Lemma 3^: (i) By hypothesis (T — 2;)"^ is bounded on the integration path and 
/ decays rapidly enough to make the integral converge in operator norm. Furthermore, the 
integral does not depend on the path, since both the resolvent of T as a function of z and 
/ are analytic in the considered region, (ii) Since f(T) is bounded, it suffices to show that 
{f{T)u,v) = {fspiT)u,v) holds for all u,v E L'^{1R) , where fspiT) denotes the operator 
defined by the spectral theorem. One has 

UsATM = I f{X)d{Exu,v) 

d{E,u,v)^ I Y^dz 
m. 27r Jdv X — z 

^ , dz f l^diE,u,v) 
In Jdv JM A — z 

^ f f{z){{T-z)-'u,v)dz = {f{T)u,v), 

ZTC JdV 
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where in the third and the last step we have employed the Fubini theorem, 
(iii) It follows from the norm convergence of the integral that 



f f{z){T-z)-UzB-' = ^ [ f{z)B{T-zr'B~Uz = f{BTB''). 

ZTT JdV /TT JdV 

(iv) The operators Ug are unitary for 6 G IR, and therefore ^/(T)^^ = f{Tg) by (iii). 

Furthermore, the resolvent (Tg — z)^^ is by hypothesis uniformly bounded on dV for all 
9 E Sai and analytic in 9 . Thus the analyticity follows by the convergence in operator 
norm of the integral, since the limit function of a uniformly convergent sequence of analytic 
functions is analytic (see e.g. [PH, Thm. 9.12.1]). | 



B Proof of Lemma 4.2 



We need the following 



Proposition B.l Let Rfp {z) := {pl^ + Ek - z)-^ , where < |, 
he defined by = {l—K){Ej — Ej^i) , where k G (0, 1] and c^^^ :- 
such that 



1> K > 



T 



TT^I sin/5| 



I < min{f ,a} . Let u > 
8V3 . Then for all {k, d) 

(B.l) 



all z G T>Y and £ = 0, 1, 2 one has 



.(1) 



2 1 sin (3\n 



d^ ^ and 



2 1 sm p\ 



(n) ii(p)xr(^)ii< 



Proof : We first estimate i?°^''^(z), k ^ j . Define ( := z — Ej and Aj^k '■= Ej — E^ . If 



-kAjj_i < ReC < and Ime ^'^C > -^^jj-i sin/?. 



:b.2) 



then one obtains by simple geometric considerations 

2 



< 



sin/5|Aj_fc 



-,k<j-l, 



r>00,k/ \ 



< 



A 



k>J, 



and 



< 



sin/3|KAjj_i 
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The condition k > (vr^l sin/3|)~^||y°||c?^ is sufficient to ensure that is for all j > 2 
contained in the domain described by ( p.2| ) and we have, of course, \\V^\\ < r. Thus the 
case £ = is proven noticing that |Afcj|"'^, A; 7^ j , is uniformly bounded by {3n'^)~^(f . 



To treat the case 



2 we write 



if3 



The first factor is uniformly bounded by for \/3\ < j . Again simple geometric consider- 
ations suffice to bound the term \Ek 
d independent by condition ( [B.l|) . 



I II DOO,fc/ \ 



. Note that the overall constant is made 



The remaining case ^ = 1 is handled by the inequality 



{p)R^0''iz) 



< 



RiP {Z) [P) Rifs' [z) 



1/2 



Proof of Lemma For i = observe that by replacing k with one has 



2|sin/?|^ - 2 



:b.3) 



by the condition on ^, uniformly for all z G and k ^ j, so that by the above estimates 
the bounds follow immediately in this case. To prove the estimates in the case i = 1 we use 
the resolvent identity 



{p)R-t{p) = (p)^S''Xi') + (p)^r^.S,p(i+^°r^.U"'<°''(p) 



This yields 



{p)R-tiz){p) 



< 



< 



{pyRTiz) + {p)B^''\z 



11^0 I 

I ^/3,pl 



ipM'/iz] 



+ 



{p)'RTiz] 



\KJ \K^\z)\\ 



< 2 



{prR^'iiz] 



(B.4) 



(B.5) 



using in the last step (|B.3|) , and in the second to last step the fact that 
multiplication operator. So the bounds follow again easily. | 



,00,fc/ 
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